We have solved exactly the two-component Dirac equation in the presence of a spatially one-dimensional Hulthén potential, and presented the Dirac spinors of scattering states in terms of hypergeometric functions. We have derived the reflection and transmission coefficients using the matching condition on the wavefunctions, and investigated the condition for the existence of transmission resonance. Furthermore, we have demonstrated how the transmission resonance depends on the shape of the potential.
Introduction
The study of scattering and bound states of relativistic and non-relativistic particles has always been an interesting topic in quantum mechanics. Especially for low momentum scattering, transmission resonance appears in the Schrödinger equation in one-dimension even potential when the corresponding potential well supports a zero energy resonance [1, 2] . The phenomenon is found to also appear in the Dirac equation in Dombey's recent and pioneering work [3] in which Dombey et al. have generalized a well known theorem for the Schrödinger equation to the Dirac equation, and shown transmission resonance at momentum = 0 in the Dirac equation for a potential barrier V = V ( ), when the corresponding potential well V = −V ( ) supports a supercritical state. Thereafter, the low-momentum scattering of a relativistic particle has attracted additional attention. A large amount of work has been done on the Dirac and Klein-Gordon equations for exploring transmission resonance in different potentials, together with its dependence on the shapes and strengths of the potentials. Kennedy [4] has investigated the low-momentum scattering for a Dirac particle in the Woods-Saxon potential [5] [6] [7] , and shown that transmission resonance appears when the Woods-Saxon potential well supports a half bound state at E = − . Similar research has been performed for a scalar particle in the potential [8] , where the Klein-Gordon equation has been solved and the zero momentum resonance is shown to appear at the one-dimensional scalar wave functions, with a functional dependence on the shape and strength of the potential similar to that obtained from the Dirac equation. Besides the Woods-Saxon potential, Villalba et al. indicate that transmission resonance also appears in a cusp potential [9] , which does not present the particularity of being a smoothed form of a square well and is different from the illustrations in Ref. [3] . To clarify, they have solved the two-component Dirac equation in the presence of a spatially one-dimensional symmetric cusp potential, and presented the conditions for transmission resonance as well as super-criticality. Similarly, they have solved the Klein-Gordon equation in the presence of a spatially one-dimensional cusp potential [10] , and obtained the scattering solutions in terms of Whittaker functions together with the condition for the existence of transmission resonance. Due to transmission resonance appearing in not only the Woods-Saxon potential but also the cusp potential for relativistic particles, it is very interesting to further check for the phenomenon in other fields. Considering that the Hulthén potential [11] is an important realistic model and has been widely used in a number of areas such as nuclear and particle physics, atomic physics, condensed matter and chemical physics [12] [13] [14] [15] , discussion of the scattering problem for a relativistic particle moving in this potential is very interesting. It may provide more knowledge about low-momentum scattering and transmission resonance. Recently, there has been a great deal of work put into the Hulthén potential in order to obtain the bound and scattering solutions in the cases of relativity and non relativity [16] . However, transmission resonance has still not been checked for a particle moving in the potential in the relativistic case. In this paper, we will derive the scattering solution for the Dirac equation in the presence of a general Hulthén potential, and analyze the phenomenon of transmission resonance as well as its relation to the shape of the potential.
According to the definition in Ref. [11, 17] , the general Hulthén potential can be written as
where all the parameters V 0 , , and are real and positive, together with < 1 being required to remove the divergence of the Hulthén potential, i.e., 0 < < 1 here. If = 0, the Hulthén potential will degenerate to the cusp potential represented in Ref. [9] . Θ( ) is the Heaviside step function. The shape of the Hulthén potential is shown in Fig. 1 at different values of the parameters. From Fig. 1 , one readily notices that for a given value of the potential strength parameter V 0 , as increases, the height of the potential barrier increases. When −→ 1, the height of the potential barrier goes to infinity. Similarly, the potential becomes more diffusible with the decreasing of the diffuseness parameter . 
Results
In order to investigate whether transmission resonance appears in the potential for a Dirac particle, following a similar procedure to that used by Ref. [4] , the Dirac equation takes the form ( = = 1)
where the four-vector potential A µ can be written in a covariant way as A µ = V ( )δ 4 µ with γ 4 = β and 4 = there. When limited to the 1+1 dimensions, the Dirac equation (1) in the presence of the spatially dependent electric field becomes
In Eq. (3), V ( ) is independent of time, hence the time dependence of the spinor Ψ can be separated with Ψ = − E ψ as follows
Taking into account that we are working in 1+1 dimensions, it is possible to choose the following representation of the Dirac matrices, i.e., taking the gamma matrices γ 1 and β to be the Pauli matrices σ and σ respectively, then the Dirac equation turns into
In such a case, the dimensionality of the corresponding spinors is not 4, but 2. So the ψ( ) can be decomposed into two spinors as follows
Thus the problem is to solve the coupled differential equations:
After introducing the following combinations
substituting these into (7) and (8) and re-arranging gives:
The two components φ ( ) and χ ( ) satisfy:
Having given this brief review on the theoretical framework [4] , let us consider the Dirac-Hulthén problem. In order to obtain the scattering wave solutions for < 0 with |E| > , substituting the potential in Eq. (1) into Eq. (12) gives
In order to solve Eq. (14) 
Considering the asymptotic conditions at = −∞, the wave function can be assumed to be φ =
where the primes denote derivatives with respect to , and the following abbreviations have been adopted:
As only the scattering states are taken into account, |E| > which ensures that is real. Moreover the V 0 are real and positive, and 0 < < 1 according to the definition of the Hulthén potential here, so is real. Thus it can be seen that Eq. (16) is a hypergeometric equation, and its solution can be expressed in terms of a hypergeometric function as
As −→ −∞, −→ 0. Therefore, the asymptotic behavior of φ L ( ) can be written as
From Eq. (10), the other component χ( ) is
Substituting Eq. (20) into Eq. (21), we obtain
The choice of combinations of the wave function components (9) can be re-written:
Upon substitution of Eqs. (20) and (22) into the above, it can be seen that the wave function ψ( ) comprises an incident and reflected wave far to the left of the barrier, which is the desired form to establish reflection and transmission amplitudes. Next, we consider the solution of Eq. (3) for > 0. With the potential represented in Eq. (1), the differential equation to solve becomes 
, Eq. (25) reduces to the hypergeometric equation
where the primes denote derivatives with respect to . The general solution of Eq. (26) is
So, 
The electrical current density for the one-dimensional Dirac equation is defined as
The current as −→ −∞ can be decomposed as L = in − refl where in is the incident current and refl is the reflected one. Analogously, we have that on the right side, as −→ ∞, the current is R = trans , where trans is the transmitted current. Using the reflected refl and transmitted trans currents, we have that the reflection coefficient R, and the transmission coefficient T can be expressed in terms of the coefficients A, B, and D as
In order to obtain R and T , we proceed to equate at = 0 the right φ R and left φ L wave functions and their first derivatives. From the matching condition we derive the relations among the coefficients A, B, and D as
By using the relations (34, 35), explicit expressions of the reflection coefficient R and the transmission coefficient T are obtained immediately, and satisfaction of the unitarity condition R + T = 1 can be checked with a mathematics software package. In order to show clearly the phenomenon of transmission resonance and its dependence on the shape of this potential, we present numerical results for the reflection coefficient R and the transmission coefficient T by substituting Eq. (34) one can see that transmission resonance appears in all the Hulthén potentials considered here. However, the intensities and widths of resonance, as well as the conditions for the existence of resonance are different, and they depend on the shape of the potential. In particular, the width of resonance is sensitive to the parameter . As decreases, the height of the potential barrier increases, and the width of the transmission resonance increases. Comparing Fig. 2 with Fig. 3 , the width of resonance is found to decrease with the decreasing of diffuseness , which is similar to what happens with the Woods-Saxon potential, as shown in Figs. 2 and 4 in Ref. [8] . A more interesting observation is that transmission resonance can appear near zero momentum. This can be seen in Fig. 2 at the dashed line, where a clear peak of resonance appears in the vicinity of E = = 1. Although exact zero-momentum resonance does not come forth, the B/A = 1 when µ = 0, this interesting low-momentum resonance may appear in the present model. In order to obtain more knowledge about the dependence of transmission resonance on the shape of the potential, the transmission coefficient T varying with the strength of potential V 0 is plotted in Fig. 4 . Besides the phenomenon of transmission resonance, as in Figs. 2 and 3, the width of resonance is shown to decrease with decreasing diffuseness . All of this shows that the transmission resonance in the case of the Hulthén potential for a Dirac particle possesses the same rich structure that we observe for the Woods-Saxon and cusp potentials. 
Conclusions
In conclusion, we have solved exactly the two-component Dirac equation in the presence of a spatially onedimensional Hulthén potential and obtained the scattering wave solutions for a Dirac particle in the potential. We have derived the reflection and transmission coefficients using the matching conditions on the wavefunctions and their first derivatives at = 0. We have investigated the condition for the existence of transmission resonance together with the dependence on the shape of the potential. The results show that transmission resonance appears in the Hulthén potential for a Dirac particle similar to that for the Woods-Saxon potential and cusp potential, while the Hulthén potential presents more interest for its wider applications. 
